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1 Introduction 

One century ago Painleve and Gambier have discovered the six Painleve equations, PI-PVI. 
These equations are the only second-order ordinary differential equations whose general solutions 

■ can not be expressed in terms of elementary and classical special functions; thus they define new 
transcendental functions. Painleve transcendental functions appear in many areas of modern 
mathematics and physics and they paly the same role in nonlinear problems as the classical 
special functions play in linear problems. 

■ In recent years there is a considerable interest in studying hierarchies of Painleve equations. 
This interest is due to the connection between these hierarchies of Painleve equations and com- 
pletely integrable partial differential equations. A Painleve hierarchy is an infinite sequence of 
nonlinear ordinary differential equations whose first member is a Painleve equation. Airault [1] 

^ . was the first to derive a Painleve hierarchy, namely a second Painleve hierarchy, as the similari- 

ty reduction of the modified Korteweg-de Vries (mKdV) hierarchy. A first Painleve hierarchy 
was given by Kudryashov [2j. Later on several hierarchies of Painleve equations were introdu- 
ced laiaiaEiiziEiEinniin]. 

As it is well known, Painleve equations possess Backlund transformations; that is, mappings 
between solutions of the same Painleve equation or between solutions of a particular Painleve 
equation and other second-order Painleve-type equations. Various methods to derive these 
Backlund transformations can be found for example in [12 \ \13\ [T^l ll5|. Backlund transformations 
are nowadays considered to be one of the main properties of integrable nonlinear ordinary 
differential equations, and there is much interest in their derivation. 

In the present article, we generalize known Backlund transformations of the first and se- 
cond Painleve equations to the first and second Painleve hierarchies given in [61 [11] . We give 
a Backlund transformation between the considered first Painleve hierarchy and a new hierarchy 
of Painleve-type equations. In addition, we give two new hierarchies of Painleve-type equations 
related, via Backlund transformations, to the considered second Painleve hierarchy. Then we 
derive auto-Backlund transformations for this second Painleve hierarchy. Backlund transforma- 
tions of the second Painleve hierarchy have been studied in [H [16] . 
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2 Backlund transformations for PI hierarchy 



In this section, we will derive a Backlund transformation for the first Painleve hierarchy (PI 
hierarchy) [6] 



n+l 
3=2 

where the operator L J [u] satisfies the Lenard recursion relation 
D x L j+1 [u] = (D 3 X - AuD x - 2u x ) V [u] , L l [u]=u. 



(2.1) 



(2.2) 



The special case jj = 0, 2 < j < n, of this hierarchy is a similarity reduction of the Schwarz- 
Korteweg-de Vries hierarchy [HQ]. Moreover its members may define new transcendental func- 
tions. 

The PI hierarchy (|2,ip can be written in the following form [11] 



J=2 



U = X, 



(2.3) 



where 7£j is the recursion operator 
7^ = D 2 X -8U + 4D-V- 
In [171 n~8) , it is shown that the Backlund transformation 
u = -y x , V = \ {u 2 x ~ 4ii 3 - 2xu) , 
defines a one-to-one correspondence between the first Painleve equation 

Uxx = 6n 2 + x. 
and the SD-I.e equation of Cosgrove and Scoufis [17j 
-Ayl-2{xy x -y). 



Vxx 



(2.4) 
(2.5) 
(2.6) 



We will show that there is a generalization of this Backlund transformation to all members 
of the PI hierarchy (|2.3|) . Let 



y = —xu + D x 1 u a 



i=2 



(2.7) 



Differentiating (|2.7|) and using (|2.3|) . we find 

u = -y x . (2.8) 
Substituting u = —y x into (|2.7p . we obtain the following hierarchy of differential equation for y 



D x y xx 



S"y x + Y. K i S i~ j y* 

3=2 



+ (xy x - y) = 0, 



(2.9) 



where S l is the recursion operator 
S : = D 2 X + 8^ - ±D x x y xx . 
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The first member of the hierarchy f|2.9[) is the SD-I.e equation (|2.6[) . Thus we shall call this 
hierarchy SD-I.e hierarchy. 

Therefor we have derived the Backlund transformation ()2.7|) (|2.8[) between solutions u of the 
first Painleve hierarchy (|2.3p and solutions y of the SD-I.e hierarchy (|2.9p . 

When n = 1, the Backlund transformation (|2,7p - (|2,8p gives the Backlund transformation (|2.4p 
between the first Painleve equation (|2.5p and the SD-I.e equation (12 . 6f) . Next we will consider 
the cases n = 2 and n = 3. 

Example 1 (n = 2). The second member of the PI hierarchy (|2.3p is the fourth-order equation 
Uxxxx = 20uU xx + I0u x — 40u 3 — + x. (2-10) 

In this case, the Backlund transformation (|2.7p reads 

y = \ (2u x u xxx — u xx — 20uu 2 + 20u 4 + k 2 u 2 — 2xu) . (2-11) 

Equations (|2.1ip and (|2.8p give one-to-one correspondence between ()2.10|) and the following 
equation 

2y xx y xxxx - y 2 xxx + 20y x y 2 xx + 20y x + K 2 y 2 x + 2{xy x - y) = 0. (2.12) 
Equation (|2.12p and the Backlund transformation (|2.8|) and (|2.1ip were given before |19j . 
Example 2 (n = 3). The third member of the PI hierarchy (|2.3p reads 

Uxxxxxx — 28uu xxxx + <j6u x u xxx + 4:2u xx 280tt u xx 

- 280mm 2 , + 280u 4 - k 2 (u xx - 6u 2 ) - k 3 u + x. (2.13) 

In this case, the Backlund transformation (|2.7p has the form 

i r 2 2 

7/ — 2 \ 2ll x Uxxxxx ^^xx^xxxx H~ ^xxx 56wUxWxxx H~ ^OlAli^ 

- 56^^ + 280m 2 m 2 - 112u 5 + k 2 («x - 4 ^ 3 ) + «3« 2 - 2sn] . (2.14) 

Equations (|2.8p and (|2.14p give one-to-one correspondence between solutions u of (|2.13p and 
solutions y of the following equation 

2 2 
^UxxUxxxxxx ^UxxxUxxxxx Uxxxx ^^VxVxxVxxxx ^^UxUxxx 

+ 56y 2 xx y xxx + 280y 2 x y 2 xxx + ll2y x + k 2 (y 2 xx + Ay 3 x ) + K- iV 2 x + 2(xy x -y)=0. (2.15) 
Equation (|2.15p is a new sixth-order Painleve-type equation. 



3 Backlund transformations for second Painleve hierarchy 

In the present section, we will study Backlund transformations of the second Painleve hierarchy 
(PII hierarchy) [6] 

n 

(D x - 2u) [u x + u 2 ] + 2jxu -j -45 = 0, 

3=1 

where the operator U[u] is defined by (|2.2p . The special case jj = 0, 1 < j < n — 1, of 
this hierarchy is a similarity reduction of the modified Korteweg-de Vries hierarchy [2j HJ . The 
members of this hierarchy may define new transcendental functions. 
This hierarchy can be written in the following alternative form [11] 

n-1 

K™u + Y K j n u u ~ ( xu + a) = 0, (3.1) 
i=i 

where 1Z U is the recursion operator 
K u = D 2 X - 4u 2 + AuD~ l u x . 
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3.1 A hierarchy of SD-I.d equation 

As a first Backhand transformation for the PII hierarchy (|3,ip . we will generalize the Backhand 
transformation between the second Painleve equation and the SD-I.d equation of Cosgrove and 

scoufis nansi- 

Let 



n-X 



u. 



V 3=1 



2 XU 2 ' 



(2a — e)u, 
and using (|3.1|) . we find 



where e = ±1. Differentiating 
u x = e(u 2 + 2y x ). 
Now we will show that 

D-^u^u) = \(u 2 W[y x } + D x l y x W x [y x }), 
where the operator H 3 [p] satisfies the Lenard recursion relation 
D X W +1 [p] = (D x + 8pD x + Ap x ) W [p] , H 1 [p] = 4p. 
Firstly, we will use induction to show that for any j = 1,2,.. 

H{ lU = \(eD x + 2u)W[y x ]. 
For j = 1, lZ u u = u xx — 2u 3 . Using (|3.3p . we find that 



u. 



2u + 4y x u + 2ey xx . 



(3.2) 



(3.3) 



(3.4) 



(3.5) 



(3.6) 



(3.7) 



Thus 



TZ u u = Auy x + 2ey xx = \(eD x + 2u)H 1 [y x ). 

Assume that it is true for j = k. Then 

2TZ^ +1 u = TZ u {eD x + 2u)H k [y x ] = eH k xxx [y x ] + 2uH k xx [y x ] + 4u x H k [y x ] + 2u xx H k [y x ] 

- 4u 2 (eH k [y x ] + 2uH k [y x \) + AuD" 1 (eu x H k [y x ] + 2uu x H k [y x }). (3.8) 

Integration by parts gives 

l),. : (<a r H';: !Jr + 2uu x H k [y x \) = u 2 H k [y x ] + D" 1 [(en, - u 2 )^*^]] . 

Hence (13.81) can be written as 



21l k + l u = eH k xx [y x ] + 2uH k x [y x ] + Au x H k [y x ] + 2u xx H k [y x ] - Au 2 (eH k [y x ] + 2uH k [y x }) 
+ 4u{u 2 H k [y x } + D x 1 [{eu x -u 2 )H k [y x }]). (3.S 

Using (|3.3p to substitute u x and (|3.7|) to substitute (I3.9P becomes 

2^ +1 n = e(^i x [y x ] + 8y x H k [y x ] + 4^*^]) 

+ 2u(fl* B |jfc] + 4y x H k [y x ] + l/^, '. //,//!: //,/) 
= (eD x + 2u)(H k x [y x ] + 4^F fc [y x ] + \I) r '.'/.,•//''. .'/., )• 
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Since 

D x (H k xx [y x ] + Ay x H k [y x ] + l/^, 1 //,//.!: //., ) = H k xx [y x ] + 8y x H k [y x ] + Ay xx H k [y x ], 

we have H k x [y x ) + 4y x H k [y x ] + AD^y^^} = H k+l [y x ], see ([33]), and hence the proof by 
induction is finished. 

Now using (|3.6p we find 

2u x n k n {u) = {eu x - u 2 )H k [y x ] + D x (u 2 H k [y x }). (3.10) 



Using (|3.3|) to substitute u x into (|3.10|) and then integrating, we obtain 

Therefore (|3.2|) can be used to obtain the following quadratic equation for u 



n-l 



+ H n [y x ] + Y KjH j [y x ] u 2 - (2a - e)u 



+ 2B x 1 y x {ni\ Vx \ + J2 Kj H Hy*]J " 2 2/ = 0. (3.11) 

Eliminating u between (j3.3[) and (|3.1ip gives a one-to-one correspondence between the second 
Painleve hierarchy (|3.ip and the following hierarchy of second-degree equations 

(H-[y x \ + J2 KiH x [y*] ~ lj + 8 + J2 ^H j [y x ] - x^j 

x ^/), '//, //;'//.; + £ KjD~ l y x H x [y x ] - y^j = (2a - e) 2 . (3.12) 

Therefore we have derived the Backlund transformation (|3.2p and (|3.1ip between the PII 
hierarchy (|3.1|) and the new hierarchy (|3.12p . 

Next we will give the explicit forms of the above results when n = 1,2,3. 

Example 3 (n = 1). The first member of the second Painleve hierarchy (|3.ip is the second 
Painleve equation 

u xx = 2u + xu + a. 

In this case, (|3.2|) and (|3.11|) read 

y = \ [u x — u 4 — xu 2 — (2a — e)v\ 

and 

(4y x - x)u 2 - (2a - e)u + Ayl - 2y = 0, 

respectively. The second-degree equation for y is 

(Ay xx - l) 2 + 8(4^ - x) (2y 2 x - y) = (2a - e) 2 . (3.13) 

The change of variables w = y — |x 2 transforms (|3. 13|) into the SD-I.d equation of Cosgrove and 
Scoufis rm 



w xx + Aw x + 2w x (xw x — w) = yg(2a — e) 2 . 

Thus when n = 1, the Backlund transformation (|3.2p and (|3.1ip is the known Backlund 
transformation between the second Painleve equation and the SD-I.d equation (|3.12|) . Since the 
first member of the hierarchy (|3.12p is the SD-I.d equation, we shall call it SD-I.d hierarchy. 
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Example 4 (n = 2). The second member of the second Painleve hierarchy (|3.ip reads 

10u 2 u xx + Wuu x — 6u 5 — Ki(u xx — 2« 3 ) + xu + a. (3-14) 



u 



xxxx 



Equation (ETTiD is labelled in [201 EI] as F-XVII. 
In this case, (j3.2[) and (|3.1ip read 

V = \ [2u x u xxx — u xx — Wu 2 u 2 + 2u 6 + ki (u 2 — u A ) — xu 2 — (2a — e)u] (3.15) 

and 

{^Vxxx+ 2Ayl+4K lVx - x)u 2 - (2a - e)u + 8y x y xxx - Ay 2 xx + 32y 3 + 4k iV 2 x - 2y = 0, (3.16) 

respectively. Equations (|3.15p and (13.161) give one-to-one correspondence between (|3.14p and 
the following fourth-order second-degree equation 

[^Uxxxx + 48y x y xx + iKiy xx - l} 2 (3.17) 
+ 8[4y xxx + 2Ay 2 x + Ak iVx - x] [Ay x y xxx - 2y 2 xx + 16y 3 + 2k iV 2 x - y] = (2a - e) 2 . 

Equation (|3.17p is a first integral of the following fifth-order equation 

Vxxxxx = ~20y x y xxx - lQy 2 xx - 40y 3 - my xxx - 6Kiy 2 + xy x + y. (3.18) 
The transformation y = — (w + \^z + 57 3 ), z = x + 3O7 2 transforms (|3.18p into the equation 

Wzzzzz = 20w z w zzz + Ww 2 z - 40u> 3 + zw z + w + jz. (3.19) 
The Backhand transformation [22] 

v = w z , w = v zzzz — 20vv zz — Wv 2 + 40t> 3 — zv — jz, (3.20) 
gives a one-to-one correspondence between (|3.19j) and Cosgrove's Fif-III equation [20] 

Vzzzzz = 20vv zzz + ^0v z v zz - 120v 2 v z + zv z + 2v + 7. (3.21) 

Therefore we have rederived the known relation 

1 / \ ~e[v zzz - I2vv z + 4ryv z + §a] 

V = eU x — U + 7 , U = — 1 rr . 

2 { lh 2[v zz - 6v 2 + A 1V + \z - 4 7 2 ] 

between Cosgrove's equations Fif-III (pT211 and F-XVII (I3TT4D [20]. 

Example 5 (n = 3). The third member of the second Painleve hierarchy (|3.ip reads 

"zzzzxi = ^u 2 u xxxx + 56^^^ + 42uu' xx + 70^^^^ - 70u 4 u xx - 140« 3 u 2 + 20li 7 

— k.2(u xxxx — 10u 2 u xx — 10m/ 2 , + 6u 5 ) — k\(u xx — 2u 3 ) + xu + a. (3.22) 

In this case, (|3.2p and (|3.1ip have the following forms respectively 

2y = 2u x u xxxxx - 2u xx u xxxx + u 2 xxx - 28u 2 u x u xxx + \Au 2 u 2 xx - h<ouu 2 x u xx - 21u x + 70ti 4 it 2 
— 5it 8 + K2(2u x u xxx — u xx — 10u 2 u 2 + 2u e ) + ki(u 2 — u 4 ) — xu 2 — (2a — e)u (3.23) 

and 

4 [y xxxxx + 20y x y xx + Wyl x + 40?/ 3 + K 2 (y xxx + 6y 2 ) + K X y x - \x\ u 2 
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- (2a - e)u + 4(2y x y xxxxx - 2y xx y xxxx + y 2 xxx + 4Qy 2 x y xxx + 60?/*) 

+ 4k 2 (2y x y xxx - y 2 xx + 8j£) + 4k iV 2 x - 2y = 0. (3.24) 

Equations (|3.23p and (|3.24p give one-to-one correspondence between (|3.22p and the following 
six-order second-degree equation 

\yxxxxxx 20y x y xxxx + 4:0y xx y xxx + 120y x y xx -\- K 2 (y xxxx + ^-2y x y xx ^) -\- K\y xx 
+ 2 [y X xxxx + 20y x y xx + lOy 2 ^ + 40y^ + K 2 (y xxx + 6y 2 ) + K X y x - \x] 

Vxxxxx - ^VxxVxxxx + 2y 2 xxx + 80yly xxx + 120?/* 
+ 2k 2 (2y x y xxx - y 2 xx + 8y 3 x ) + 2k W 2 x - y] = ±(2a - e) 2 . (3.25) 

The Backlund transformation (13.23|) . (13.24p and the equation (13.25P are not given before. 
3.2 A hierarchy of a second-order fourth-degree equation 

In this subsection, we will generalize the Backlund transformation given in [23] between the 
second Painleve equation and a second-order fourth-degree equation. 
Let 



y = d- 1 



n-l 



V j=l J 



1„..2 
2 



xu 2 — au. (3.26) 



Differentiating (|3.26p and using (|3.ip . we find 

u 2 + 2y x = 0. (3.27) 

Equations (|3.26p and (|3.27j) define a Backlund transformation between the second Painleve 
hierarchy (13. ip and a new hierarchy of differential equations for y. 
In order to obtain the new hierarchy, we will prove that 

-l ( U 



D- 1 (u x W n u) = —D x ^ u y x , (3.28) 

V M / 

where S u is the recursion operator 

S u =D 2 - V -^D X -y^L + ^f + 8 y x - Ay x D~^. 

yx 2y x Ay l x y x 

First of all, we will use induction to prove that 

K{ l u = --Sl l y x . (3.29) 



Using (|3.27p . we find 

JJxx 

u ' u \" u ' u " 1 ' 2y. 



_ Dxx _ l / _ y xx i 

^x — ) U X x — I Dxxx n I • l^o.oUJ 



Hence 



1 ( V 2 \ 2 

U u u = u xx - 2u 3 = y xxx - + 8yl = S n y x . 



u V 2y x ' ■'• J u 1 
Thus (13391) is true for j = 1. 
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Assume it is true for j = k. Then 



WS +1 «=-27Z n ^y a 



u 



~\Di- —D x -ZEL + ^-4u< + Au'D^- ) S^y x . 
u I u u u z u 1 



-1 U-X 



Using (|3.30p to substitute u x and u xx and using (|3.27p to substitute u 2 , we find the result 
As a second step, we use ()3.29p to find 

Thus using (|3.3U|) to substitute u x and using (|3.27|) to substitute u 2 we find (|3.28|) . 
Therefore (|3.26p implies 

/ n-l 

V. 



au 



-V + xy x - D' a 



U. 



(3.31) 



If a 7^ 0, then substituting u from (|3.3ip into (|3.27p we obtain the following hierarchy of 
differential equations for y 

\ 2 



d: 



VX \ 3=1 



xy x + y\ + 2a y x = 0. 



(3.32) 



If a = 0, then y satisfies the hierarchy 

/ 71-1 

y. 



D 



-i 



xy x + y = 0. 



The first member of the hierarchy (|3.32p is a fourth-degree equation, whereas the other 
members are second-degree equations. Now we give some examples. 

Example 6 (n = 1). In the present case, (|3.26p reads 

2y = u x — u 4 — xv? — 2au. (3.33) 



Eliminating u between (|3.27p and (I3.33P yields the following second-order fourth-degree equation 
for y 

\1 



[vL + 8 Vx ~ 4y x (xy x - y)] + 32a 2 y 3 x = 0. 
The change of variables w = 2y transform (|3.34p into the following equation 

[w 2 xx + Awl ~ Aw x (xw x - w)] 2 + 16a 2 y x = 0. 
Equation (|3.35|) was derived before [23]. 
Example 7 (n = 2). When n = 2, (pT26j) reads 



2y = 2u x u x 



10u 2 u 2 + 2u 6 — xu 2 — 2au + K\ (u 2 — u ) . 



(3.34) 
(3.35) 

(3.36) 



Equations (|3.27p and (|3.36p give a Backhand transformation between the second member of PII 
hierarchy (|3.14j) and the following fourth-order second-degree equation for y 



yxxVx 



3y, 



2 

xx 



y 2 

if XX 



2y x V" 2,/.,. J 2 \ Vxxx 2,/. 
+ Wy x yl x + \Qy x - 2y x (xy x - y) + -ki [y 2 xx + 8y%) 
Equation (|3.37p was given before [19]. 



2 \ 2 

Vxx 



+ Sa 2 yl = 0. 



(3.37) 
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Example 8 (n = 3). In this case, (|3.26p read 



2y = 2u x u a 



^u xx u xxxx + u 2 xxx - 28u 2 u x u xxx + liu 2 u 2 xx - 56uu 2 x u xx - 2lu x (3.38) 



+ 70u 4 u 2 — 5u° + K2 (2u x u xxx 
and (|3.32p has the form 



10u 2 ul + 2u G ) + Ki(ul 



xu 



2au, 



+ \2y x . 



+ 



tyx 



v 2 

■J.rx 



^Vxxx 



+ 



3Uxx 

Vx 

^UxxUxxxx 



Uxxxxx 

3y; 



+ 



^VxxVx 



+ 



2 



xxxx 



^UxxUxxx 3y. 



+ 2k 2 



Dxx Dx 



3% 



Vx 
2 

xx 



XXX , 



2yx 

4 



+ 



^xx 



7y 2 

' axx 



2yx ' 4y2 

14^xyx: 



2yx 



4yl 

_ # 
2yx 



+ 



i4 



_ Qy xx yxxx 

2y2 

+ 280^ _ 150y 5 _ Ayx{xyx _ y) 

1 



y.> 



+ Wy x y 2 xx + I6y x 



+ «1 (j/ a 



+ 32a 2 yl = 0. 



(3.39) 



The Backlund transformation between the third member of PII hierarchy (|3.22p and the new 
equation (ETBH is given by (13371) and (13381 . 



3.3 Auto-Backlund transformations for PII hierarchy 

In this subsection, we will use the SD-I.d hierarchy (|3.12p to derive auto-Backlund transforma- 
tions for PII hierarchy (|3.1|) . 

Let u be solution of (|3.ip with parameter a and let u be solution of (|3.ip with parameter a. 
Since (|3.12p is invariant under the transformation 2a — e = —2a + e, a solution y of (|3.12p 
corresponds to two solutions u and u of (|3.ip . The relation between y and u is given by (13.111) 
and the relation between y and u is given by 

(^- x + H n [y x ] + KjH j \y x ]J u 2 - (2a - e)u 

+ 2D~ x y x \Hl\y x \ + £ ^H x [y x ]j -2y = 0. (3.40) 
Subtracting (|3.11|) from (|3.4U[) . we obtain 

^ _ x + tfnfyj + ^.fl-J'lj/J j (u 2 - u 2 ) - (2a - e)u + (2a - e)u = 0. (3.41) 
Using 2a — e = —2a + e and dividing by u + u, (|3.4ip yields 

^ _ 3. + H n[ yx] + Kj Hi[y x ]J (u - u) + (2a - e) = 0. 

Now using (|3.3p to substitute y x , we obtain the following two auto-Backlund transformations 
for PII hierarchy ()3.1|) 



a = —a + e, e = ±1, 
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u = u ^± . (3.42) 

- x + m[\(eu x -v?)}+ £ K.jHi[\(eu x - u 2 )] 

j= i ' 

These auto-Backlund transformations and the discrete symmetry u = —u, a = —a can be used 
to derive the auto-Backlund transformations given in [UJ [TB] . 

The auto-Backlund transformations (13.420 can be used to obtain infinite hierarchies of solu- 
tions of the PII hierarchy (|3.ip . For example, starting by the solution u = 0, a = of (|3.ip . the 
auto-Backlund transformations (|3.42j) yields the new solution u = — |, a = e. Now applying the 
auto-Backlund transformations (|3.42p with e = 1 to the solution u = ^, a = — 1, we obtain the 

new solution u = — / ■. , . — a = 2. 
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